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Abstract. We study intrinsic optical bistability in nonlinear composites of coated spheres,
motivated by a recent experiment on small-particle heterogeneous systems. A self-consistent
theory is applied to calculate the local fields in composites of coated spheres with a nonlinear
dielectric core and a metallic shell, embedded in a linear host. To study the resonance response,
we use the spectral representation and find that the local field in the core generally consists of
two resonant terms, each of which has a form similar to that in the case of spherical inclusions
but with a pole whose location and residue depend strongly on the dielectric constant of the
core material as well as on the thickness of the shell. Thus by tuning the relevant microstructure
parameters, it may be possible to reduce the threshold applied field and enhance the bistable
response. Model calculations on various physical quantities are performed in accord with the
experimental conditions.

1. Introduction

With the advent of high-power coherent light sources, the physics of optical nonlinearities
has become a rapidly growing field both in basic research and practical applications. Optical
nonlinearities can be found in virtually all materials, but large nonlinear susceptibilities are
restricted to some semiconducting materials and organic polymers, which are desirable for
implementing promising applications such as optical bistability, optical phase conjugation
and optical switching [1]. In particular, the optical nonlinearities of composite materials of
metal and semiconductor nanocrystallites have attracted much attention [1]. It is believed
that one of the keys to understanding the nonlinear optical properties is to take into account
the local-field effects [2]. Strong fluctuations of local fields may result in large enhancement
of optical nonlinearities in small-particle composites [3]. On the other hand, quantum
confinement may be an alternative source of enhancement.

Recently, there has been a growing interest in the phenomenon of optical bistability.
Intrinsic bistability in metal–dielectric composites was predicted about a decade ago [4, 5]. It
was demonstrated that the local fields can be enormously enhanced near the surface-plasmon
resonance. Subsequent theoretical work on the enhancement of optical nonlinearities by the
combination of nonlinear materials with materials showing surface-plasmon resonances was
attempted by Haus, Kalyaniwalla and co-workers [6] and more recently by Bergman and
co-workers [7].

Although optical bistability can be found in almost all materials, intrinsic optical
bistability was hard to observe experimentally in uncoated CdS or CdSe semiconducting
nanocrystals. Ricardet al [8] gave an account of possible difficulties in experimental
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realizations. The present work is motivated by a recent intrinsic-optical-bistability
experiment by Neuendorf, Quinten and Kreibig (NQK) [9] on small-particle heterogeneous
systems, in which the bistable behaviour has been observed in nanometre-size spherical CdS
particles coated with silver. It turns out that quantum confinement is not important in the
experimental conditions of reference [9].

The aim of the present investigation is both general and specific. We develop a general
theory for the resonance properties of composites of coated spheres, and obtain tunable
conditions based on the spectral representation [10]. The general theory will then be applied
to the parameters relevant to the experimental conditions. Moreover, we perform model
calculations so as to derive optimal conditions for the bistable operation. In this connection,
the recently developed self-consistent mean-field theory [11] for nonlinear composites will
be applied. A related approach was developed earlier by Zenget al [12] and by Levy and
Bergman [13], albeit without self-consistency.

The paper is organized as follows. In the next section, we study the spectral
representation of the local field for coated spheres. On the basis of the results, in section
3 we examine the bistable condition and hence obtain the threshold applied field for the
onset of bistability. In section 4, other related physical quantities such as the extinction
coefficient and the reflectance at normal incidence are also calculated.

2. Spectral representation of the local field

In the Rayleigh limit for particles that are very small compared to the wavelength of light, the
quasi-static approximation [14] can be used. We consider the following displacement–field
characteristic for the optical Kerr effect:

D = εE + χ |E|2E (1)

where the dielectric constantε and nonlinear susceptibilityχ take on different values in
the inclusion and host regions. Consider a coated sphere with a spherical core of radius
a1 and dielectric constantεc, surrounded by a concentric spherical shell of radiusa2 > a1

and dielectric constantεs , suspended in a host medium ofεm, with the application of an
external uniform fieldE0. Without loss of generality, we leta2 = 1 anda1 = y1/3 < 1. The
boundary-value problem can be solved by standard electrostatics methods, and the effective
linear response can be determined. In the dilute limit, the effective linear response of a
small volume fractionp of coated spheres embedded in a host medium is given by [9, 15]

εe = εm + 3pεm
(εs − εm)(εc + 2εs)+ (εc − εs)(εm + 2εs)y

(εc + 2εs)(εs + 2εm)+ 2(εc − εs)(εs − εm)y . (2)

The local field in the core can also be obtained [9, 15]:

Ec = 9εmεsE0

(εc + 2εs)(εs + 2εm)+ 2(εc − εs)(εs − εm)y . (3)

To study the resonant behaviour of two-component composites, it has proved convenient
to adopt the spectral representation [10]. Letw = 1− εe/εm, x = εc/εm, v = 1− εs/εm
ands = 1/v; we obtain the reduced effective responsew = P1+ P2+ P3, whereP3 is the
nonresonant part which vanishes in the limit of spherical inclusions;P1 = F1/(s − s1) and
P2 = F2/(s− s2) are the resonant parts. Although the spectral representation was generally
valid for two-component composites, we shall show that it applies to composites of coated
spheres as well. We find

P3 = 3py(1− x)
2+ x (4)
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F1 = p(1− y){(2+ x)[2− (2+ x)s1] + 2y(1− x)[1− (1− x)s1]}
(2+ x)2(s2− s1) (5)

F2 = −p(1− y){(2+ x)[2− (2+ x)s2] + 2y(1− x)[1− (1− x)s2]}
(2+ x)2(s2− s1) . (6)

In equations (5) and (6),s1 ands2 (s1 < s2) are given by

s1 = 8+ x − 2y(1− x)−
√
(4− x)2+ 4y(4+ 13x + x2)+ 4y2(1− x)2

6(2+ x) (7)

s2 = 8+ x − 2y(1− x)+
√
(4− x)2+ 4y(4+ 13x + x2)+ 4y2(1− x)2

6(2+ x) . (8)

Clearly, we have successfully extended the spectral representation to composites of coated
spheres. We note that the pole location (s1 and s2) and strength of residue (F1 and F2)
depend strongly on the microstructure parametersx = εc/εm andy = Vc/V .

Figure 1. The pole locations1 is plotted against the thickness parametery for various values
of εc/εm ratios. From top to bottom,εc/εm = 0.3, 0.6, 1.2, 2, 4 and 6. When we decrease
y, s1 increases towards the value aty = 0. In the limit of a thin shell (y → 1), s1 decreases
monotonically towards zero.

In figure 1, we plot the pole locations1 against the thickness parametery for several
values ofεc/εm = 0.3, 0.6, 1.2, 2, 4 and 6. When we decreasey, s1 increases towards the
single-sphere value [10]s1 = 1/3 aty = 0. In the limit of a thin shell (y → 1), s1 decreases
monotonically towards zero. Similarly, in figure 2, we plot the pole locations2 againsty
for εc/εm = 0.3, 0.6, 1.2, 2, 4 and 6. Again, when we decreasey, s2 decreases towards the
value aty = 0. In the thin-shell limit,s2 increases monotonically towards unity. In figure 3,
we plot the normalized residueF1/p againsty for εc/εm = 0.3, 0.6, 1.2, 2, 4 and 6. In the
thin-shell limit, F1/p decreases monotonically towards zero for variousεc/εm ratios. Note
the interesting change of behaviour at aroundεc/εm = 6 in the thick-shell limit (y → 0).
Similarly, in figure 4, we plot the normalized residueF2/p againsty for εc/εm = 0.3, 0.6,
1.2, 2, 4 and 6. In the thin-shell limit,F2/p decreases monotonically towards zero for
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Figure 2. The pole locations2 is plotted against the thickness parametery for various values
of εc/εm ratios as in figure 1. When we decreasey, s2 decreases towards the value aty = 0.
In the limit of a thin shell,s2 increases monotonically towards unity.

Figure 3. The normalized residueF1/p is plotted againsty for various values ofεc/εm as in
figure 1. In the thin-shell limit,F1/p decreases monotonically towards zero for variousεc/εm
ratios. Note the change of behaviour forεc/εm = 6 in the thick-shell limit.

various εc/εm ratios. There is again a change of behaviour at aroundεc/εm = 6 in the
thick-shell limit.

The local fieldEc in the core can also be cast into a similar spectral representation:
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Figure 4. Similarly to in figure 3, the normalized residueF2/p is plotted againsty for various
values ofεc/εm as in figure 1. In the limit of a thin shell,F2/p decreases monotonically towards
zero for variousεc/εm ratios. Note the change of behaviour forεc/εm = 6 in the thick-shell
limit.

Figure 5. The residueT1 is plotted againsty for various values ofεc/εm as in figure 1.T1

decreases rapidly in the thick-shell limit and attains an asymptotic value wheny → 1.

Ec = (Q1+Q2)E0, whereQ1 = T1/(1− vs1) andQ2 = T2/(1− vs2). We find

T1 = 9(1− s1)s1s2
2(s2− s1)(1− y) (9)

T2 = − 9(1− s2)s1s2
2(s2− s1)(1− y) . (10)
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Figure 6. The residueT2 is plotted againsty for various values ofεc/εm as in figure 1.T2

increases rapidly from a negative value in the thick-shell limit and reaches zero wheny → 1.

We note, however, that the strength of the resonant terms depends strongly on the
microstructure parametersx = εc/εm andy = Vc/V . PhysicallyT1 is directly proportional
to the strength of resonance of the optical response [9]. ClearlyT1 should be large for large
resonance effects. In figure 5, we plotT1 versusy for εc/εm = 0.3, 0.6, 1.2, 2, 4 and 6.
For all εc/εm ratios,T1 decreases monotonically withy and it attains the minimum value
at y = 1. T1 decreases rapidly in the thick-shell limit. In figure 6, we plotT2 versusy for
εc/εm = 0.3, 0.6, 1.2, 2, 4 and 6. The magnitude ofT2 decreases rapidly from a large value
in the thick-shell limit and reaches zero wheny → 1.

3. The onset of bistable behaviour

Near the resonance of the first pole (v ≈ 1/s1), it suffices to retain only the dominant
contributionQ1:

Ec = T1E0

1− vs1 (11)

which is of exactly the same form as that for spherical inclusions. For the present problem,
the spirit of the mean-field theory [11] is to replace the dielectric constantεc by the field-
dependent onẽεc = εc + χc|Ec|2 and then to perform a self-consistent evaluation of|Ec|.
To first order, this amounts to expandings̃1 as

s̃1 ≈ s1+ ∂s1
∂x

dx. (12)

Let B = −∂s1/∂x and dx = χc|Ec|2/εm; we obtain

E2
0 =

( |v|
T1

)2

t

[(
Bχct

εm
− (s1− s ′)

)2

+ s ′′2
]

(13)

B = (1− y)[2y(1− x)− (4− x)+ 3(2+ x)(s2− s1)]
3(2+ x)3(s2− s1) (14)
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Figure 7. The factorB (defined in the text) is plotted againsty for various values ofεc/εm as
in figure 1. Forεc/εm < 2, B increases gradually in the thick-shell limit, reaches a maximum
and then decreases to zero asy → 1. Note the change of behaviour ofB for εc/εm > 2 where
B decreases monotonically towards zero asy increases.

where t = |Ec|2, and s ′ and s ′′ are the real and imaginary parts of the reduced frequency
s = s ′ + is ′′. From the experimental conditions [9],εs = −11.4+0.4i andεm = 1.77; hence
s = 0.136+ 0.004i. In figure 7, we plot the factorB againsty for εc/εm = 0.3, 0.6, 1.2, 2,
4 and 6. Forεc/εm < 2, B increases gradually in the thick-shell limit, reaches a maximum
and then decreases to zero asy → 1. Note the change of behaviour ofB for εc/εm > 2
whereB decreases monotonically towards zero asy increases.

Equation (13) is a cubic equation int , which signifies bistability [4, 5]. By differentiating
equation (13) with respect tot and setting it equal to zero, we obtain a quadratic equation
for t :

3(Bχc)
2t2− 4εmBχc(s1− s ′)t + ε2

m[(s1− s ′)2+ s ′′2] = 0 (15)

which admits two solutions:

|Ec|2upper=
2εm(s1− s ′)+ εm

√
(s1− s ′)2− 3s ′′2

3Bχc
(16)

|Ec|2lower =
2εm(s1− s ′)− εm

√
(s1− s ′)2− 3s ′′2

3Bχc
. (17)

Putting the solutions|Ec|2upper and|Ec|2lower into equation (13), we obtainE2
0upperandE2

0lower;
we then plot them in figure 8 fors ′ = 0.136, 0.1, 0.05. Clearly, maximum bistable behaviour
is obtained at aroundy ≈ 0.1. We have used the experimental parametersεc/εm = 4.16
andχc = 3× 10−11.
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Figure 8. The lower and upper threshold fieldsE0lower andE0upper are plotted againsty with
εc/εm = 4.16, s′′ = 0.004 andχc = 3× 10−11 for s′ = 0.136, 0.1, 0.05. Maximum bistable
behaviour is attained at aroundy ≈ 0.1.

Figure 9. The onset applied fieldE0onset is plotted againsty with s ′ = 0.136, s′′ = 0.004
andχc = 3× 10−11 for various values ofεc/εm as in figure 1. Forεc/εm < 2, there exists a
minimum onset field in the thick-shell region. Forεc/εm > 2, E0onset increases monotonically
asy increases.
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Figure 10. As a model calculation,|Ec| is plotted againstE0 with εc/εm = 4.16,χc = 3×10−11,
s′ = 0.136 ands′′ = 0.004 for y = 0.2 and 0.15. The bistable behaviour is more pronounced
for small y.

For the onset of bistability, we must have|Ec|2upper= |Ec|2lower. Equations (16) and (17)
imply that

(s1− s ′)2− 3s ′′2 = 0 (18)

which admits two solutions fors ′:

s ′± = s1±
√

3s ′′. (19)

For positive|Ec|2onset and henceE2
0onset, we chooses ′− and put it into equation (16) to get

|Ec|2onset=
2√
3

εms
′′

Bχc
. (20)

By putting equation (20) ands ′− into equation (13), we obtain

E2
0onset=

8

3
√

3

εms
′′3|v|2

BχcT
2

1

. (21)

In figure 9, we plotE0onset for εc/εm = 0.3, 0.6, 1.2, 2, 4, 6. We note that, for each value
of εc/εm, E0onset increases rapidly in the thin-shell limit. This is attributed to the fact that
B vanishes wheny → 1. In the thick-shell limit and whenεc/εm < 2, there is also a
rapid increase forE0onset sinceB vanishes in this limit. So, we find that, forεc/εm < 2,
there exists a minimum onset applied field at a certain shell thickness. As is evident from
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Figure 11. The extinction coefficientα(ω) is plotted against the inverse frequency(1/ω) with
the exactεe by retaining the full expression for the reduced response:w = P1 + P2 + P3, and
the approximate one by keeping only the first termP1. We have assumed the Drude model
for the silver coating:εs = 1− ω2

p/ω(ω + iγ ); εc/εm = 4.16, ωp = 1, γ = 0.1ωp , p = 0.3
and y = 0.15. As is evident from the figure, the approximate curve has only one peak, the
magnitude and position of which are close to those of the exact one. This result is expected
since we have only kept the dominant poles1.

the figure, small onset fields can be obtained for smallεc/εm ratios. This condition can be
achieved by using dielectric materials with a smallerεc or a largerεm. These considerations
may help to improve on the experimental conditions of NQK [9]. From figure 9, the
threshold incident field can be as low asE0 = 2000 V m−1. The intensityI0 is related to
E0 via I0 = E2

0/
√
µ0/ε0, where

√
µ0/ε0 = 377�. Hence we obtain the threshold incident

intensityI0 = 104 W m−2, which is quite small. It turns out that a metallic shell can lower
the threshold.

To demonstrate the bistable behaviour further, we use the experimental conditions:
εc/εm = 4.16, s ′ = 0.136, s ′′ = 0.004 andχc = 3 × 10−11, and plot the relationship
between|Ec| andE0 for y = 0.2 and 0.15. From figure 10, bistable behaviour is more
pronounced at smally.

4. The extinction coefficient and reflectance at normal incidence

Other related physical quantities can also be calculated from the spectral representation. For
example, we can calculate the extinction coefficientα(ω) and the reflectanceR at normal
incidence. Again, we retain only the dominant contributionP1 for the reduced responsew:

w = F1

s − s1 (22)

from which we determine the effective response

εe =
[

1+ F1(s1− s ′)
(s ′ − s1)2+ s ′′2

]
εm + i

[
F1s
′′

(s ′ − s1)2+ s ′′2
]
εm. (23)
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Figure 12. The reflectanceR = |(√εe − 1)/(
√
εe + 1)|2 is plotted against the applied fieldE0

for s = 0.136+ i 0.004, εc/εm = 4.16, χc = 3× 10−11 andp = 0.3 for y = 0.15 and 0.2.
Bistable behaviour is clearly observed. The hysteresis loop as formed iny = 0.15 is wider
than that ofy = 0.2. There is a rapid increase of the reflectance beyond the hysteresis loop for
y = 0.2.

We write the extinction coefficient as

α(ω) = ω Im
√
εe. (24)

In figure 11, we plot the extinction coefficientα(ω) against 1/ω. We have assumed the
Drude model for silver coating:εs = 1−ω2

p/ω(ω+ iγ ); the parametersεc/εm = 4.16, ωp =
1, γ = 0.1ωp, p = 0.3, andy = 0.15 have also been used. We also plotα(ω) as calculated
from the full expression forεe for comparison. As is evident from the graph, the approximate
α(ω) has only one peak. Both its magnitude and position are close to the exact results.
This result is expected since we have dropped the poles2 in the reduced responsew. In
figure 12, we plot the reflectance at normal incidenceR = |(√εe − 1)/(

√
εe + 1)|2 against

the applied fieldE0 with s = 0.136+ i 0.004, εc/εm = 4.16, χc = 3× 10−11 andp = 0.3
for y = 0.15 and 0.2. Bistable behaviour is clearly observed. The hysteresis loop as formed
by y = 0.15 is wider than that formed byy = 0.2. We also note a rapid increase of the
reflectance beyond the hysteresis loop fory = 0.2.

5. Discussion and conclusions

In this work, we study the optical bistability in a suspension of coated spheres, motivated
by a recent experiment on small-particle heterogeneous systems [9]. We use the spectral
representation [10] to study the resonance and bistable behaviours. We find that the strength
and position of the resonance depend strongly on the dielectric constant of the core material
as well as on the thickness of the shell. The theory is then applied to the experimental
conditions of NQK [9] and we find that the experimental parameters are not optimal. We
perform model calculations so as to suggest more favourable conditions for observing the
bistability. Other related physical quantities are calculated from the spectral representation.
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Here we should add a few comments on the large volume fractionp = 0.3 used in the
model calculation of the extinction coefficient and the reflectance. The low-concentration
approximation may not be accurate at such large volume fraction. Since the effective
nonlinear response is proportional to the volume fractionp, if a smaller valuep = 10−6 was
used in the calculations, we would find basically the same results, except that the magnitudes
of the extinction coefficient and reflectance would be reduced by the corresponding small
value ofp used.

We hope that these analyses may ultimately help to improve the experimental conditions.
In this connection, the present theory can naturally be applied to other microstructures,
e.g. coated spheres with metallic cores coated with nonlinear shells. Preliminary results
show that similar analyses based on the spectral representation can be used. These results,
together with the enhancement of optical nonlinearities due to fractal clustering [3, 9, 16,
17] in nonlinear composites, will be reported elsewhere [18].
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